SYMPLECTIC BIRATIONAL TRANSFORMATIONS OF THE 

PLANE 



JEREMY BLANC 



Abstract. We study the group of symplectic birational transformations of 
the plane. It is proved that this group is generated by SL(2, Z), the torus and 
a special map of order 5, as it was conjectured by A. Usnich. 

Then we consider a special subgroup H, of finite type, defined over any 
field which admits a surjective morphism to the Thompson group of piecewise 
linear automorphisms of J?. We prove that the presentation for this group 
conjectured by Usnich is correct. 



1. Introduction 

1.1. The group Symp. Recall that a rational map /: --^ - or a rational 
transformation of - is given by 

{x,y) --^ {fi{x,y)j2{x,y)), 

where /i, /2 are two rational functions (quotients of polynomials) in two variables. 
The map / is said to be birational if it admits a inverse of the same type, which 
is equivalent to say that / is locally bijective, or that / induces an isomorphism 
between two open dense subsets of C^. The group of birational maps of C'^ is the 
famous Cremona group. 

Following [UsnJ , we define Symp as the group of symplectic birational transfor- 
mations of the plane, which is the group of birational transformations of which 
preserve the differential form 

dx A dy 
xy 

In jUsnl ■ a natural surjective morphism from Symp to the Thompson group of 
piecewise linear automorphisms of 7? is constructed (see also Fav' ) although the 
Thompson group does not embedd in the Cremona group. The group Symp, related 
to other topics of mathematics, is also an interesting subgroup of the Cremona 
group, from the geometric point of view. The base-points of its elements are poles 
of the differential form ujq, but its elements can contract curves which are not poles 
of ll)q. In this article, we describe the geometry of elements of Symp, and give proofs 
to two conjectures of [Usn] (Theorems [T] and [H below) . 

1.2. The results. The two groups SL(2,Z) and (C*)^ naturally embedds into 
a b 
c d 



5*1/771^; the matrix ( ^ ^ ) e SL(2, Z) corresponds to the map (x, y) --^ (x^y'', x'^y''). 



and the pair (a,/3) G (C*)^ corresponds to {x,y) (aa;,/3y). Moreover, the map 
P: ix,y) ---» {y, ^^), of order 5, is also an element of Symp. Our first main result 
consists of proving the following result, conjectured in [Usnj : 
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Theorem 1. The group Symp is generated by SL(2,Z), (C*)^ and P. 

The map P is a well-known linearisable map f jBBj ). and the group < SL(2, Z), (C*) 
is a toric well-understood group. The mix of this group with P provides all the 
complexity to Symp. In the proof, the reader can see that all non-toric base-points 
come from P, but in fact, there are many relations in Symp, and we can have 
complicated elements with many non-toric base-points. 

However, the natural subgroup H C Symp generated by SL(2, Z) and P is easier 
to understand. It is an interesting subgroup of finite type of the Cremona group, 
which is moreover defined over Q or over any field. We write C, / the elements 

C = ) ^"'^ ^ " ( 1 V ) °^ SL(2,Z). The presentation 

SL(2, Z) /, C I = = [C, /2] = 1 > 

is classical. We now prove the following result on the relations of H, conjectured 
in [Usnj : 

Theorem 2. The following is a presentation of the group H : 

H =< LC\P \ = = [C, /2] =P^ = 1, PCP = 1 > . 

The author thanks S. Galkin for asking him these questions in the Workshop on 
the Cremona group organised by I. Cheltsov in Edinburgh in the beginning of 2010. 

2. Some reminders on birational transformations 

Recall that any birational transformation of extends to an unique birational 
transformation of the projective complex plane (written also or CP^) via the 
embedding {x,y) ^ {x : y : 1). We will take X, Y, Z as homogeneous coordinates on 
P^, so that the afined coordinates x, y on correspond to x — X/Z and y — Y/Z. 
Any birational transformation ip of P^ can be written as 

ip:{X:Y:Z) {P,{X,Y,Z) : P2{X,Y,Z) : P^iX^Y^Z)), 

where the Pi are homogeneous polynomials of the same degree without common 
factor. The degree of the map is the degree of the Pi. If this one is > 1, then there 
is a finite number of points of P^ where ip is not defined, which corresponds to the 
set of common zeros of Pi , P2 , ^3 • 

More generally, the base-points of ip are the points where all curves of the linear 
system ^ A^P^, Ai G C pass through. Note that these points are not necessarily on 
P^, but maybe in some blow-up, and correspond thus to some tangent directions. 
See for example [AlCj for more details. 

3. Normal cubic forms and geometric descriptions 
Note that the divisor corresponding to ujq on P^ is —{X) — (Y) — (Z). 

Definition 3.1. We say that a differential form u is a normal cubic form if 

— div(a;) is the divisor of a {possibly reducible) singular cubic, whose singular points 
are ordinary double points. 

Note that in the above definition, — div(a;) can be either (i) the union of three 
lines with exactly three double points, (ii) the union of a smooth conic and a 
line intersecting into two distinct points, (iii) an irreducible cubic curve having an 
unique ordinary double point. The form wo is a normal cubic form of type (i). 
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Before using the above definition, we remind the reader the fohowing simple 
result, already observed in jUsnj . 

Lemma 3.2. Let lo be a differential form on a smooth algebraic surface S and let 
rj: S S be the blow-up of q ^ S . We write D = div(w) the divisor of u, D its 
strict transform on S, and E the exceptional curve contracted by rj. 

Then div(77*(w)) = D + (m+ VjE, where m ^1, is the multiplicity of D at q. In 
particular, 

(1) E is a zero o/div(r7*(w)) <^ D has multiplicity >0 at q. 

(2) E is a pole o/ div(?7*(w)) D has multiplicity < —2 at q; 

(3) E is a pole of multiplicity one of diY{ri*{uj)) <^ D has multiplicity —2 at q. 

Proof. Let us take some local coordinates u,v on S at q so that this point corre- 
sponds to u — V = 0. The form a; locally corresponds to f{u, v) ■ du A dv, where tp 
is a rational function in two variables, and D corresponds to {(p{u, v)). 

The blow-up can be viewed locally as {u,v) i— > {uv,v), and rj*(uj) becomes 
ip(uv, v)-d(uv)/\dv = ip{uv, v)v-duAdv. In these coordinates, v is the equation of the 
divisor E and (p{uv, v) corresponds to r]* {div{uj)). Moreover (p{uv, v) = w™ -ipiu, v), 
where m G Z is the multiplicity of D at g (which is the multiplicity of <^ at (0,0)), 
and where ■0(0,0) S C*. Observing that ij}{u^v) correspons to D, we obtain the 
result. □ 

We can now relate the base points of birational maps to the image of normal 
cubic forms: 

Proposition 3.3. Let tp: be a birational map, and let uj be a normal 

cubic form. The following are equivalent: 

(1) All base-points of Lp are poles ofuj; 

(2) The form (p,(aj) is a normal cubic form. 

Proof. If tp has no base-point, both assertions are trivially true, so we may assume 
that (p has at least one base-point. 

We denote by : 5' — >■ P^ the blow-up of all base-points of 4>, and by e : —> P^ 
the morphism (jir], which is the blow-up of all base-points of (f)^^. 

Suppose first that at least one base-point g of (/> (which may be infinitely near 
to P^) is not a pole of to. By Lemma [3.21 the exceptional curve of this point, and 
of all infinitely near points, are zeros of r]*{uj). Since g is a base-point, at least one 
of these curves is not contracted by t], and thus tp^[ijj) = e,(?7*(a;)) has zeros; it is 
therefore not a normal cubic form. 

Suppose now that all base-points of tp are poles of If — div(cLi) is an irreducible 
cubic curve, it has an unique ordinary double point, we assume that rj blows-up 
this point, by replacing rj by its composition with the blow-up if needed, obtaining 
another (non-minimal) resolution of tp. We now prove the following assertion; 

The divisor Dg — — div(77*(cj)) is linearly equivalent to —Kg and is an effective 
reduced divisor consisting of a loop of smooth rational curves {i.e. a finite number 
of smooth rational curves where each one intersect exactly two others, and each 
intersection is transversal). 

Firstly, since div(a;) is linearly equivalent to Kp2, we obtain that Ds is equivalent 
to —Ks by applying Lemma 13.21 Secondly, we recall that — div(u;) is an effective 
divisor, and that it is either a loop of smooth rational curves or an irreducible nodal 
cubic curve. In this latter case, writing /z: Fi — P^ the blow-up of the singular 



4 



JEREMY BLANC 



point, — div(/i*(a;)) is the union of the exceptional curve with the strict transform 
of the cubic, and is thus a loop of smooth rational curves. We proceed then by 
induction on the number of points blown-up by 77, applying Lemma 13.21 at each 
step; blowing-up a smooth point on a loop does not change the structure of the 
loop, and blowing-up a singular point only adds one component. The assertion is 
now clear. 

The fact that Ds is an effective divisor linearly equivalent to —Ks implies that 
D = — div((y9, (oj)) — — div(e,(?7*(cj))) = e^{Ds) is an effective divisor linearly equiv- 
alent to —Kp2, and is thus a cubic curve. All components of Ds being rational, 
D cannot be smooth. It remains to see that all singular points of D are ordinary 
double points. Writing cj' = (^*(a;), ii D = — div(ti;') had one other singularities, 
we can check using Lemma [3?2] that Ds = — div(e*(aj')) would not be a loop. □ 

4. Decomposition into quadratic maps 

It is well known that any birational transformation of the plane decomposes 
into quadratics maps. Using Proposition 13.31 we can deduce the same for elements 
which send a normal cubic form on another one (Lemma 14. II) . and then with a more 
careful study to elements which preserve the divisor of loq (Proposition 14.2] ) . 

Lemma 4.1. Let ip: P'^ be a birational map of degree d > 1, and let uj 

be a normal cubic form, //(p, (oj) is a normal cubic form, there exist quadratic 
transformations 01 , . . . , 0„ such that 

(1) = (/)„ o • • • o (f)i; 

(2) for i — 1^ . . . ,n, o • • • o is a normal cubic form. 

Proof. We start as in the classical proof of Noether-Castelnuovo theorem, by taking 
a de Jonquieres transformation ip (a birational map of which preserves a pencil 
of lines) such that each base-point of '0 is a base-point of (p and iptp~^ has degree 
< d. The existence of such a ijj can be checked for example in Chapter 8 of |A1C] 
(see in particular the proof of Theorem 8.3.4). 

Since all base-points of (p are poles of ut (Proposition 13. 3|) , the same is true for 
ip, so ■!/'*(w) is a normal cubic form. 

It remains thus to prove the lemma in the case where (/5 is a de Jonquieres 
transformation of degree d > 1 , which preserves the pencil of lines passing through 
s G P^. We prove the result by induction on d, the case d = 2 being clear. We 
follow the classical proof of the theorem of Noether-Castelnuovo. 

The linear system of ip (which is the pull-back by (p of the system of lines of the 
plane) consists of curves of degree d passing through s with multiplicity d ~ 1 and 
through 2d — 2 other points ti, . . . , t2d-2 with multiplicity one. 

If at least one of the t^'s is a proper point of P^, say ti, there exists another tj, 
say t2, and a quadratic de Jonquieres transformation (pi with base-points 5,^1,^2- 
The linear systems of (pi and (p intersecting into d—1 free points, the map (po {ipi)~^ 
is a de Jonquieres transformation of degree Since ((?!>i)*(a;) is a normal cubic 

form, the result follows from the induction hypothesis. 

If no one of the t^'s is a proper point of the plane, there exists at least one of 
these, say ii, which corresponds to a tangent direction of s, and another point tj, 
say t2, which is infinitely near to ti. We choose a proper point u in P^ which is 
a pole of w and which is not aligned with s and ti. There exists a quadratic de 
Jonquieres transformation (f>i with base-points s,ti,u. The linear systems of (pi 
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and lyj intersecting into d free points, the map 9 = (p o is a de Jonquieres 

transformation of degree d. The hnear system of 9 is the image by (f>i of the hnear 
system of (p; it has one proper base-point distinct from q, which corresponds to the 
"image" of ^2 by 0i (in the decomposition of (pi into blow-ups and blow-downs, the 
exceptional curve associated to ti is sent onto two a line of and t2 is sent onto 
a general point of this line). Since (0i),(cli) is a normal cubic form, we can apply 
the preceding case to 9. □ 

Proposition 4.2. Let ip: be a birational map of degree > 1, and assume 

that 

div((p,(iLJo)) = div(wo) 
{where ujq is the differential form '^^^y^ ) ■ Then, there exist quadratic transforma- 
tions (/)!,...,(/)„ such that 

(1) = 0„ o • • • o (pi; 

(2) for i ^l,...,n, div{{<pi o ■■■ o <pi)^{uJo)) = div(iLJo)- 

Remark 4.3. A differential form uj satisfies div(cij) — div(a;o) if and only if lo = 
fiLOo for some fi ^ C* . In fact, as we will see after, if a birational map sends ujq 
onto UJ, the number fj, is ±1, and both are possible. 

Proof. Applying Lemma 14.11 we obtain a decomposition Lp — (pn ° ■ ■ ■ ° 4'i where 
Wj :— {(pi o ■ ■ ■ o (cjo) is a normal cubic form for z 0, . . . , n. 

Denote by m the maximal degree of the irreducible components of — div(wj) 
for i — 0, . . . , n, denote by r the minimal index where has a component of 
degree m. We now prove the result by induction on the pairs {m,n — r), ordered 
lexicographically. 

If m = 1, — div(a;i) is the union of three lines for each i. Composing the quadratic 
maps with an automorphism of P^ which sends div(aji) onto div(wo), we can assume 
that div(a;i) = div(a;o) for each i and obtain the result. 

Suppose now that m = 2, which implies that < r < n, since ojq — ujn ^ ujr- The 
divisor — div(a;j.) is the union of a line L and a conic F, and the divisor — div(a;j.-i) 
is the union of three lines. In particular, the curve Fq = (0~^)*(F) is a line and 
La = {4'r^)*{L) is either a point or a line. This implies that the three base-points 
si, S2, S3 of (/)~^ belong to F (as proper or infinitely near points) and that at least 
one of them lies on L. Up to renumbering, si is one of the two points of F n L, and 
S2 is either a proper point of F or the point infinitely near to si corresponding to 
the tangent of F. The curve F5 = (0j.+i)*(r) is either a conic or a line, so at least 
two of the three base-points ti, t2, ^3 of (pr+i belongs to F, and L5 = {(pr+i)*{L) can 
be a point, a line or a conic. Up to renumbering, ti is a proper point of F, and ^2 
is either another proper point of F, or the point infinitely near to ti corresponding 
to the tangent direction of F. We can also assume that if ^2 belongs to F n L, so 
does ti. 

(io, To) - - - ^- - - - (£, F) - - ^ - - (X5, Ts) 

We now define two proper points a, 6 of F. If ti G F fl L, the point 6 is a 
general point of F (i.e. distinct from the Si and ti), and otherwise h is such that 
L n F = {si, 6}. The point a is a general point of F (i.e. distinct from b and all Si, 
ti). We define four birational quadratic maps Xi)X2,X3,X4 of P^, with base points 
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[si,S2,a], [si,a,b], [ti,a,b] and [ti,t2,b] respectively. We moreover set xo = (t>r^ 
and X5 = (f'r+i- By construction, we have the foUowing: for i — 0, . . . . 4, Xi has 
its three base-points on T and at least one of them belongs to L, so Ti = (xi)*(r) 
is a line, and Li = {xi)*{L) is either a point or a line; moreover Xi and Xi+i have 
two common base-points, so 9i = Xi+i ° ^ quadratic map. We obtain the 

following commutative diagram: 



(io.ro). 

I 
I 

I Bo 
I 

V 

(ii,ri)- 



[si, •82,83] 



_ - " " \tl,t2,t3] 



XI ^ - / \ ~"--___^X4 

" "[81,82,01 / \ lti,t2,b]~ ~- 

/ \ 

• ^ [si,a,b] \t\,a,h\ ^ ^ 

(i2,r2) ^(i3,r3) 



(i5,r5) 

A 

I 

04 I 



By construction, — div((xi)*(wr)) is the union of three lines for i = 0, ...,4; 
replacing (pr+i ° <f>r by ^4^3^2^i^0) we reduce the pair (m, n — r). 

Suppose now that m = 3 (which implies that 1 < r < n — 1). The divisor 
— div(a;r) consists of a nodal cubic curve F. The curve Fq = ((/)~^)*(F) is a conic, so 
all base-points si, S2, S3 o{<p~^ belong to F, and one of them, say si, is the singular 
point of r. Up to reordering, we can assume that S2 is cither a proper point of F 
or the point infinitely near to si corresponding to the tangent of F. We denote by 
ti,t2, ts the three base-points of (f>r+i- The curve r4 = {<pr+i)*(r) is either a cubic 
or a conic, which means that either all t;'s belong to F or that only two belong to 
F but one of these two is the singular point si. If si is a base-point of 4>r+i, we 
can assume that ti = si, that t2 belongs to F and that either t2 is a proper point 
of or is infinitely near to ti = si. If ,si is not equal to any of the ti, we can 
assume that t2 is a proper point of F. We choose a general proper point a of F, 
not collinear with any two of the Si,ti and define two birational quadratic maps 
XI1X2 ofP^, with base points [.si,.S2,a] and [si,t2,a] respectively. We moreover set 
Xo = and xs = 't'r+i- By construction, we have the following: for i = 0, . . . , 2, 
Xi has its three base-points on F and at least one of them is si, so F, = {Xi)*{^) is 
a conic; moreover Xi and Xi+i have two common base-points, so 9i = Xi+i °Xr^ 
a quadratic map. We obtain the following commutative diagram: 



X0=4>r / \ — — X3 = 0r+1 

^ -■ " / \ 

— " [si, 82,83] / \ [*l,t2,*3] ^ 

/ \ 

6^0 XI / \ X2 6 

^ ^ / \8\,82,a\ [si,t2,a] ^ 

3----.r2- 



By construction, — div((xi)*(wr)) is the union of the conic Fj and a line for 
i = 0, . . . , 4; replacing 0^.-1-1 ° 4>r by ^2^1 ^0, we reduce the pair (m, n — r). □ 



SYMPLECTIC BIRATIONAL TRANSFORMATIONS OF THE PLANE 



7 



5. Quadratic elements of Symp and the proof of Theorem [T] 

We now describe some of the main quadratic elements of Symp, useful in the 
generation of elements of Symp (see Proposition I4.2p . 

We fix notation for some points which are poles of loq. The points pi,p2,P3 are 
the vertices of the triangle XYZ — 0, and qi,q2, are points on edges: 

pi = (1 : : 0) P2 - (0 : 1 : 0) = (0 : : 1) 

= (0 : 1 : -1) 92 = (1 : : -1) = {I : -I : 0) 

Any quadratic birational transformation of has three base-points. We describe 
now some quadratic transformations, by giving their description on C^, (writing 
only the image of {x, y) and {X : Y : Z) respectively) and by giving their base- 
points. Firstly, we describe the classical generators: 



(lA,l/2/) {YZ:XZ:XY) Pi,P2,P3 

P {y,{y+l)/x) {XY -.{Y + Z)Z:XZ) Pi,P2,qi 

P2 {{y + l)/x,ix + y + l)/xy) {Y{Y + Z) : Z{X + Y + Z) : XY) pi, 91,92 

P3 {{x + y + l)/xy,{x + l)/y) {{X + Y + Z)Z : X {X + Z) : XY) P2,9i,92 

P4 {{x + l)/y,x) {Z{X + Z):XY -.YZ) Pi,P2,q2- 

Secondly, we construct more complicated elements. For any A G C*, we denote by 
PA G Aut(p2) the automorphism {X -.Y : Z)^ {\X -.Y : Z). If A 7^ -1, the maps 
Sx and Ta, respectively given by 5a = [P^C)-^ p-xP'^C and Tx = P^p-xCP^, are 
described in the following table: 

Sx {-\X{X + Y + Z) -.YiX + Y - XZ) : Z{-XX + Y - XZ)) (0 : A : 1), 92, 93 
Ta {XY:{Y + Z){XZ-Y):-XXZ) pi, 91, (0 : A : 1) 

Recall that C is the automorphism {X : Y : Z) ^ {Y : Z : X) of F'^ , which 
corresponds to the birational map (x, y) {y/x, 1 jx) of C^, and thus to the matrix 

I Q ^ °^ SL(2, Z). We denote by '^Y'^\x.y.z) ^ Aut(P^) the symmetric group 

of permutations of the variables, generated by C and {X : Y : Z) ^ {Y : X : Z). 
We now describe linear and quadratic elements of Symp. 

Lemma 5.1. The group of automorphisms o/P^ which preserve the triangle 

XYZ = 

is (C*)^ X Sym^^x YZ)^ ^'^'^ '^•^ subgroup (C*)^x: < C > is equal to the group of 
automorphisms of P^ which are symplectic. 

Proof. Follows from a simple calculation. □ 

Lemma 5.2. Let ip: P^ P^ be a birational map of degree 2 which has three 
proper base-points. The following condition are equivalent: 

(1) div(((5*(wo)) = div(wo)- 

(2) if = aQ(3, where a e (C*)^ xi Symi^x,Y.z)^ P G (C*)^xi < C > and Q e 
{P,P,P\P^,P'^} orQe{Sx,Tx} for some X e C*\{-1}. 

Proof. The second assertion clearly implies the first one, since Q 6 Symp is a 
quadratic map with three proper base-points. It remains thus to prove the other 
direction. 
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Denote by Li, L2, L3, C the three hnes of equation X = 0, Y = and Z = 0. 
Each of the three Hnes Li is a pole of ujq and its image by ip is thus either a point 
or a hne. So for each i, one or two of the base-points of ip belong to Li. 

Denote by fc G {0,1,2,3} the number of base-points of ip which are vertices of 
the triangle XYZ = 0. Replacing ip by ipC or ipC'^ if neeeded, the k vertices are the 
k first points of the triple {pi,p2,P3). We will find Q G {I, P, P'^ , , P*, Sx,Tx} 
and (3 G (C*)^ xi Sym^js^ y z) such that ip and QP have the same base-points. 

Before proving the existence of Q, /3, let us prove how it yields the result. The 
fact that ip and Qj3 have the same base-points implies that p — aQf5 for some a € 
Aut(P^). Since div(a;o) — div(</?* (wq)) = div(Q*(wo)) = div(/3*(a;o)), we also have 
div(Q!^(wo)) = div(a;o), which means that a G (C*)^ x Sym^jjf y z) fLemma lS.ip . 

We find now /3 and Q, by studying the possibilities for k. 

If fc = 3, the base-points of ip are Pi,P2,P7i and it suffices to choose Q = and 

If fc = 2, the base-points are pi,p2,u, where u G (Li U L2)\L3. We choose 
/3 G (C*)^ which sends u onto qi or q2, and choose respectively Q = P or Q = P'^. 

If = 1, the base-points are pi,u,v, where u G Li\(L2UL3). If u G L2 we choose 
/? G (C*)^ which sends u onto qi and w onto (72, and choose then Q — P^. If w G L3, 
we choose /? = /3'C~^ , where /3' G (C*)^, such that f3 sends respectively pi,u,v 
onto p2, 92, qi, and choose Q = P^- If f G Li, we choose /3 G (C*)^ which sends u 
onto gi = (0 : — 1 : 1); the point v is sent onto (0 : A : 1) for some A G C*\{ — 1}. 
We can thus choose Q = T\. 

If A: = 0, the base-points are m, w, which belong respectively to Li, L2, L^. We 
choose /? G (C*)^ which sends v onto (72 and w onto (73. The point u is sent onto 
(0 : A : 1), for some A G C*\{ — 1} (A is not —1 because u,v,w are not coUinear). 
We choose Q = Sx- □ 

Now, using all above results, we can prove Theorem [U which is a direct conse- 
quence of the following proposition. 

Proposition 5.3. The group Symp is generated by (C*)^, C and P. 

Proof. Let / be an element of Symp. If its degree is 1, it is an automorphism of 
P^, which is thus generated by C and P (Lemma l5.1|) . 

Otherwise, we write f — On o ■ ■ ■ o 9i using Proposition [421 and denote by m the 
number of di which have at least one base-point which is not a proper point of P^. 
We prove the result by induction on the pairs (to, n), ordered lexicographically, the 
case m = n = being induced by Lemma [5. II 

Suppose first that the three base-points of 9i are proper base-points of P^. In 
this case, we apply Lemma l5.2l and write 9i = aQj3, where a G (C*)^ x Symj-j^- y 
and Q,/3 are generated by (C*)^, C and P. Replacing / with f{Q/3)^^, we replace 
the pair {m,n) with (m^n — 1). 

Suppose now that at least one base-point of 9i, say a, is not a proper point of 
P2. Denote by ^1,^2, L3 C P^ the three lines of equation X = 0, Y = and Z = 0. 
Each of the three lines Li is a pole of luq and its image by 9i is thus either a point 
or a line. This means that there is at least one base-point on each of the three 
lines Li, L2, L3, and thus that the two other base-points of 9i are proper points 
&, c G P^, and at least one of the two points b, c belongs to Li for i = 1, . . . , 3. We 
choose some proper point d of the triangle, not aligned with any two of the points 
a, b, c. There exists a quadratic transformation Q of P^ with base-points b, c, d. 
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The map Q sends wo onto a normal cubic form by Proposition 13.31 Moreover, the 
image of any of the lines Li, L2, is is a line or a point, so Q sends onto a normal 
cubic form corresponding to a triangle. Replacing Q with its composition with an 
automorphism of P^, we may assume that the triangle is XY Z — 0. Because a is 
not aligned with any two of the points 6, c, d, the linear system of conies passing 
through a, h, c is sent by Q onto a system of conies with three proper base-points. 
In consequence, 6iQ~^ is a quadratic transformation with three proper base-points. 
Replacing Oi with o Q, we replace (m, n) with (to — 1, n + 1). □ 

6. The group H =< SL(2, Z), P > 

Let us now focus ourselves on the group H of finite type generated by SL(2, Z) 
and P, or simply by C, /, P (and in fact only by P and C since / = PCP). Recall 
that C is the automorphism {X :¥ : Z) ^{Y : Z : X) oi order 3 of and that / 
and P have respectively order 4 and 5. 

Recall the following notation for the points pi,P2,P3, Qi, 92; 93- 

pi = (1 : : 0) P2 = (0 : 1 : 0) = (0 : : 1) 

gi = (0 : 1 : -1) 92 = (1 : : -1) 93 = (1 : -1 : 0) 

We moreover denote by p( the point in the first neighbourhood of pi which corre- 
sponds to the tangent Y = 0, and do the same for pf , pX^^ , P2 , pf , Qi^ and so 
on. 

We now define twelve quadratic maps contained in H , whose three base-points 
belong to the set {pi,pY ,Pi ,pY^^ ,qi,qi^} or to its orbit by C. 



Qi = 


I 




(Z2 : XY : Y Z) 






Pi,P2,pY 


Q2 = 






{XY : Z^ : XZ) 






Pl,P2,P2 




p 


(i i) 


(YZ : XZ : XY) 






Pl,P2,P3 


Q4 = 


p 




{XY : {Y + Z)Z 


: XZ) 




Pl,P2,qi 


Q5- 


p-1 




{Z{X + Z):XY 


: YZ) 




Pl,P2,q2 




pp 


y ' y 


{Z^ : {Y + Z)X : 


YZ) 




Pl,P2,Pi^^ 




p-lj2 




{{X + Z)Y : Z^ : 


XZ) 




X -\-Z 
Pl,P2,P2 




pp 


Vy' y+l> 


{Z{Y + Z) : XY 


: Y{Y - 


^Z)) 


Pi,Pi,qi 


Q9 = 


IP 




{XZ : Y{Y + Z) 


: Z{Y - 


^Z)) 


pi,Pi,qi 


QlQ = 


P2 


^ a; ' a^y ' 


{Y{Y + Z) : Z{X 




- Z) : XY) 


Pi,qi,q2 


Qu = 


p3^-l 


/x-\-y-\-l x+l\ 
^ a;y ' y ' 


{{X + Y + Z)Y : 


Z(y-F 


-Z) : XZ) 


Pl, '71,93 


Ql2 = 


PIP 




{XY : {Y + Zf : 


XZ) 




Pi,qi,qi 



Any element of H can be written as a word written with the letters C, /, P. 
We will say that a linear word is a word of type C" with a G {0, 1,2}. Similarly, 
we will say that a quadratic word is a word of type C^QiC^, where 1 < i < 12, 
a,b G {0, 1,2}. Note that a linear word corresponds to a linear automorphism of 
P^ and that a quadratic word corresponds to a quadratic birational transformation 
of P2. 

We would like to prove that the relations 

R^{p ^C^ ^ [C, P] = p5 ^ 1, PCP = /} 
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(which can easily be verified) generate all the others in H —< I,C, P >. To do this 
(in Proposition I6.6p . we need to prove some technical simple lemmas (Lemmas [631 
16.21 and 16.51) and one key proposition (Proposition 16. 3|) . 

Lemma 6.1. If Q is a quadratic word, then and tQt~^ are quadratic words, 
for any t £ Sym^-^ y z) Aut(P^) (permutation of the coordinates). 

Proof. If T — C, then tQt^^ is a quadratic word by definition. We can thus assume 
that r is the map {X : Y : Z) i-^ (Y : X : Z) (or (x, y) {y, x)), which conjugates 
P, /, C to respectively P^^, /^^, C^-^. If Q is a power of / or of P, it is clear that 
Q^^ = tQt~^ is a quadratic word. It remains to study the case when Q = Qi with 
i e {6,7,8,9,12}. 

First, we do the case of inverses. Since PCP — I, we have (Qe)^^ = I^P^^ = 
IPC = QqC, and thus (Qg)-^ = CQg- Moreover, (Qt)"^ = PP = Qs- Finally, 
using = 1 and / = PCP, we have 

{Qi2r^ = p-^r^p-^ = p-^{PCP)i{PCP)p-^ = cpipc = CQ12C. 

Now, the conjugation. We have rQer"^ = Q7 andTQgT"^ = I^P^^ = I{PCP)P-'^ = 
IPC = QgC. This implies that rQgr-^ = QgC. Finally, tQi2T-i = (Qi2)"^ is a 
quadratic word, as we just proved. □ 

Lemma 6.2. The words 

jap±l p±lja p±l ja p±l 

where a G N, are equivalent, up to relations in R, to quadratic words. 

Proof. From the list, we see that any non-trivial power of / or P is a quadratic 
word. In particular, the case a = is trivial. Using PCP = I, we find the following 
tabular: 



a 


jap 


pjap 


pjap-l 


1 


IP^Qg 


PIP = Q12 


PIP-^ = P'^C 


2 


PP = Qs 


fj-lp^lfj-l 


PIPC = Q12C 


3 


p-1^^1 


PI-^P = c-^ 


Pj-ip-1 = c-ips 



the result is now clear for /"P, PI"-P and PI^P'^. 

For any a, the word /"P-^ is equal to I"--^{PCP)P-^ = P'-^PC, and is 
thus also a quadratic word. The words p^^I"- being the inverses of I~°'P^^, 
these are also quadratic words fLemma 16. ip . The same holds for p-^j^^p-^ = 
{PI~°'P)~^ . It remains to see that P^^I'^P is a quadratic word for each a. Since 
I^ = PCPI^'P-^C-^P^^, we find P-^I'^P = CPI^P'^C-^, which is quadratic 
word since PI°^P^^ is one. □ 

Proposition 6.3. Let f and g be two quadratic words in H . If the two quadratic 
maps associated have two {respectively three) common base-points, then fg~^ is 
equal to a quadratic {respectively linear) word, modulo the relations R. 

Proof. The list of the twelve quadratic words above give the possible base-points of 
/ and g: the base-points of Qi and CQi are the same, and the base-points of QiC 
are the image by C~^ of the base-points of h. 

A quick look at the list shows that if / and g have the same three base-points, 
then / = C'g, for some integer i. In particular, fg~^ is equal to a linear word. We 
have thus only to study the case when exactly two of the three base-points of / and 
g are common. 
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In the sequel, we will use the following observations: (z) we can exchange the 
role of / and g since is a a quadratic word if and only if its inverse gf~^ 

is (Lemma 16.11) : (m) we can replace / and g with C*/ and g since this only 
multiplies fg~^ by some power of C; {Hi) we can replace both / and g with their 
conjugates under any permutation of {X,Y^Z), using Lemma |6. II 

Using (mi), we can "rotate" the two common points by acting with C, which 
acts as P3 n- P2 ^ Pi , 93 92 I— ^ 9i 7 Pz ^ P2 ^ Pi on. The possibilities 

for the two common base-points can thus be reduced to {pi,P2}7 {91, 92}, {91, 'Zi'^} 
or {pi,u}, where u G {qi,q2,q?.,pX ,Pi ,pX^^}- Conjugating by {X :¥ : Z) ^ {X : 
Z -.Y) ii needed, u may be choosed in {qi, q2,Pi iPy+z} only. 

We study each case separately. 

(a) Case {pi,P2} - Using (ii) and reading the list, we can choose that f,g € 
{P^^, P^^I^, I*} (here the star means any power of /). If both / and g are powers 
of /, or both are powers of P, so is the product fg~^, and we are done. If / is a 
power of / and g is a power of P, then fg~^ is equal to PP^^ and the result follows 
from Lemma [6.21 If g = P^^P and / is a power of /, then fg~^ is again equal to 
jip±i foj. goj^g integer i. If g = P^^P and / = then fg''^ = P±i/2p±i, 

which is a quadratic word by Lemma 16.21 

[h] Case {gi, 92} ^ The only possibilities for /, g are P^ or P'^, and fg^^ — P*^. 

(c) Case {gi, q^} - The only possibilitiy is f — g — Q12 — PIP, a contradiction. 

(d) Case {pi,qi} ^ The third base-point can be respectively P2,P3,q2,q3,Pi j Pi or 
gf , and this corresponds respectively to P, P'^C^^ = PP, P^ P^C'^ = P'^I'^P, 
PP, IP and PIP. In particular, / and g are equal to f'P and g'P where f',g' £ 
{P±i,P±i/,P}. Here, fg-^ (or its inverse) belongs to {P*, /*, P±i/*, P±i/P±i} 
and we are done by Lemma 16.21 

(e) Case {pi, 92} - The only possibilities for /, g are P-I or P2, and fg-^ = P^^. 
If) Case {pi,pY} - Here f,g e {I,PP} and /g-^ = (/2p/-i)±i, a quadratic 

word by Lemma 16.21 

(g) Case {pi,pf+^} - Here f,g e {PP,p-^PC-^ = p-^C-^P} and = 
(PCP)±i = □ 

Corollary 6.4. Let Wi,W2 be two quadratic words. If W2W1 corresponds to a 
birational map of degree 1 {respectively 2), then W2W1 is equal, modulo the relations 
R, to a linear word {respectively to a quadratic word). 

Proof. The map corresponding to W2W1 has degree 1 (respectively 2) if and only 
if the maps corresponding to W2 and (W"i)~^ have 3 (respectively 3) common base- 
points. The result follows then from Proposition 16.31 □ 

Lemma 6.5. Let 01,02,03 be three non-collinear distinct points, such that 
{Q) for i — 1,2, 3, is a base-point of a quadratic word; 

(P) for i — 1,2,3, if ai is not a proper point of the plane, it is infinitely near 

to a point aj, j ^ i; 
(o) for any line L of the triangle XYZ = in P'^ , there exists an ai which 

belongs to L. 

Then, there exists a quadratic word Q having ai , 02 , 03 as base-points. 

Proof. Let us write r = #{ai, 02, 03} n {^1,^2,^3} G {0, 1, 2, 3}. 

If r > 2, we can assume that ai = pi, 02 = P2 (up to renumbering and multi- 
plying by C or C^). The last point 03 being not collinear to ai and 02, and being 
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'}. We 



a base-point of a quadratic word, it belongs to {Pi , P2 i PSi IT-t Q'^^ Pi^" i P2^ 
can choose Q = Qi for i E {I, ... , 7}. 

If r = 1, we can assume that ai = pi. Condition (o) imphes that qi is equal to 
a2 or 03. The possibilities for the remaining point are {pY ,Pi ,12,13, q^}, and we 
can choose Q = Qi for i E {8, ... , 12}. 

The case r = is not possible. Otherwise we would have 

{ai,a2,a3} C {gi, 92, 93, 9^ , 9^ , }, 
which is impossible since 11,12,13 are coUinear. □ 

Proposition 6.6. Let W be a word in I, P, C. If W corresponds to a birational 
map of degree 1 or 2, it is equal, up to relations R, to a linear or quadratic word. 
In particular, ifW corresponds to the identity o/Bir(P^), it is equal to 1 modulo R. 

Proof. If T4^ is a power of C, the result is obvious, so we can write W — Wk ■ ■ ■ W2W1 
where each Wi is a quadratic word. Note that many such writings exist. We call Aq 
the linear system of lines of P^. For « = 1, . . . , fc, we denote by A^ the linear system 
of Wi ■ • • W2Wi(Ao) (identifying here the word with the corresponding quadratic 
map of P^), and by di its degree. Note that dk G {1,2} is the degree of (the 
birational map corresponding to) W. We write D = max{di\ i = l,...,fc} and 
n = max{i \di — D}. 

Suppose first that D — 2. If A: > 1, the map W2W1 has degree 2 or 1 and we can 
replace it with a single quadratic or linear word (Corollary I6.4|) . Continuing in this 
way, we show that W is equivalent, modulo R, to a linear or a quadratic word. 

We suppose now that D > 2, which implies that 1 < n < fc. We order the pairs 
{D,n) using lexicographical order, and proceed by induction. Proving that {D,n) 
can be decreased, we will reduce to the case D = 2 studied before. 

If r = deg(W„+iW„) E {1,2}, we can replace Wn+iWn with a single quadratic 
or linear word fCorollarv l6.4p . and this decreases {D,n). We can thus assume that 
r = deg{Wn+iWn) E {3,4}. 

We are looking for a quadratic word Q satisfying the following property: 



deg(Q(A„)) < dn = deg(A„), 
{deg(QW„),deg(W„+iQ-i)} 



{2,2} if r 
{2,3} if r 



degiWn+iWn) 
degiWn+lWn) 



We first show that such a Q gives us a way to decrease {D,n), before proving 
that Q exists. 

If r = 3, both QWn and Wn+iQ~^ have degree 2 so are equivalent to, up to re- 
lations in R, to quadratic words ci and a2 fCorollarv l6.4p . Replacing Wn+iWn — 
{Wn+iQ~^){QWn) by cr20-i, we decrease the pair {D,n). The replacement is de- 
scribed in the following commutative diagram. 





An 






A„_i 


Q i 












Q(A„) 


deg(gw„) = 


deg{Wn+iQ-') = 2 
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If r = 4 and deg{QWn) — 2, QWn is equivalent to a quadratic word do- More- 
over, since deg(W^„+iQ^^) = 3 and deg((3(A„)) < D, we can use the case r — 3 
described before to write Wn+iQ~^ as a product of two quadratic words (T2(Ti sat- 
isfying deg{(TiQ{Aj) < D. The replacement of Wn+iWn with (J2(Jiijo, described 
below, decreases the pair {D,n). 



A 

w„ ....-^ 1 

A«-i 


n . 

'■■■■X 

W„ + iQ-i...r- . 

\„)'^^fTiQ(A) 


deg(QVK„) = 2,deg(W„+iQ-^) - 3 



If r = 4 and deg(W„+i(3^^) = 2, Wn+iQ~^ is equivalent to a quadratic word 
(To. We again apply case r = 3 (since deg(Q(A„)) < D) to replace QWn with a 
product of two quadratic words (T2<^i with deg((Ti(A„_i)) < Z?. The replacement 
of Wn+iWn with fToO'2Ci, described below, decreases the pair {D,n). 



A 

A„_i 
cri(A„_i) — 


■■■■■....w'„+i 


deg(QI¥„) = 3,deg(W„+iQ-^) = 2 



It remains to prove the existence of Q satisfying the property (★). 

We have D = dn = dcg(A„). The system A„+i = W„+i(A„) has degree 
dn+i < D, and A„_i — (W„)^^A„ has degree dn-i < D. Denote respectively by 
S = {si,S2,S3} and T = {ti,t2,i3} the base-points of Wn+i and {Wn)~^ ■ For any 
point p, we will write m{p) the multiplicity of A„ at p. The fact that Wn+i is a qua- 
dratic map with base-points Si, S2, S3 implies that c?„+i = deg(W„_|_i(A„)) = 2Z? — 
J2^i^im{si). In particular X^Li "^(■^O > ^- Similarly, d„_i = 21) - ^I^Li "^(^j) 

and "^(^0 > ^• 

In order to find Q, we will find its three base-points. We are looking for three 
distinct points oi, 02, as G S UT which satisfy the following conditions: 



(o) 



E»=i"^(ai) > D, 

{{ai, 02, aa} n S", {01,02,03} nT} = 
for each line L of the triangle XYZ = 



{2,2} if r = deg(W„+iW„) = 3, 
{1,2} if r = deg(W„+iW„) = 4. 
one Ui belongs to L. 



The condition > D implies that the three points are not collinear 

(because A„ has no fixed component). Replacing a point Oi by o^ if o^ is infinitely 
near to a[ and if o^ ^ {01,02,03}, and then applying condition (o), we get a 
quadratic word Q having 01,02,03 as its base-points fLemma l6.5p . Condition (*★) 
implies then (★). 

It remains to find the three points 01,02, 03 satisfying (*★) and (o) . This is now 
done separately in the cases r = 3 and r = 4. 



14 



JEREMY BLANC 



Suppose that r ~ 3, which means that SClT ~ {u}, for some proper point u of the 
plane. We order the points of S and T such that S = {u, si, S2}, T ~ {u, ti, t2}, with 
to(si) > m{s2) and m(ti) > m{t2). We observe that at least one of the inequalities 
TO(u)+TO(ti)+TO(s2) > D, m(u) + m{si)+m{t2) > D is satisfied. Indeed, otherwise 
the sum would give "^(^0 ^ which is impossible. We assume 

first that m^u) + m(si) + m(t2) > D, and write Ai — {u, si, ti}, A2 = {u, si, 12}- 
For i = 1, 2, we have X^pGAi ^{p) ^ miu) + to(si) + m,(t2) > D, and thus the three 
points of Ai satisfy condition and in particular are not collinear. We claim 
now that at least one of the two sets Ai,A2 satisfies condition {o). Suppose the 
converse for contradiction. This means that for i = 1,2, there exists a line Li in the 
standard triangle XYZ = such that Li f) Ai — 0. Since T = {^,^1,^2} satisfies 
condition (o), we see that ti € L2\Li and t2 S Li\L2, in particular Li ^ L2. 
Denoting by L3 the last line of the triangle, we have u,si G L3\(Li U L2)- Since 
ti and t2 are not collinear with u and si, both do not belong to L3. This implies 
that T = {m, ii,t2} = {91, (72 7 93}, which is impossible since gi,g2,Q3 are collinear 
(they belong to the line X + Y + Z = 0). The case m{u) + m{ti) + m{s2) > D is 
the same, by just exchanging S and T in the proof. 

Suppose that r = 4, which means that S* n T 0. We order the points Si and ti 
such that m{si) > 771(52) > 777(53) and m{ti) > m{t2) > mit^). We observe that at 
least one of the inequalities ■m{si) + m{t2) + m{t3) > D, m{ti) + m{s2) + m{s'i) > D 
is satisfied. Indeed, otherwise the sum would give J2^=i "^(^i) + Si=i '77(ti) < 2D, 
which is impossible. We assume first that 7^(51) + m{t2) + ra{t^) > D, and write 
Ai = {si,t2,t3}, A2 = {5i,ti,t3}, A3 = {si,ti,t2}. For i = 1,2,3, we have 
X^pGAi '^(-P) ^ w(5i) + m(t2) + rnit^) > D, and thus the three points of Ai satisfy 
condition (*★) . We claim now that at least one of the three sets Ai satisfies condition 
(o). Suppose the converse for contradiction. This means that for 7=1,2, 3, there 
exists a line Li in the standard triangle such that Li n = 0. Since TO Li ^ 0, we 
have ti G Li for each i and ti ^ Lj for i ^ j ■ This implies that the three points ti 
are contained in {gi, q2,q3,qi' ,q2 which is impossible because T = {fi, f2, is} 

is the set of base-points of a quadratic word (we can see this on the list of base- 
points of quadratic words, or simply observe that 91, (72, 93 are collinear). The case 
7n(ti) -1-771(52) -1-777(53) > -D is the same, by just exchanging S and T in the proof. □ 
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